We study algebraic properties of Poisson brackets on non-associative non-commutative algebras, compatible with their multiplicative structure. Special attention is paid to the Poisson brackets of the LiePoisson type, related with the special Lie-structures on the di erential-topological torus and brane algebras, generalizing those studied before by Novikov-Balinsky and Gelfand-Dorfman. Illustrative examples of Lie and Balinsky-Novikov algebras are discussed in detail. The non-associative structures (induced by derivation and endomorphism) of commutative algebras related to Lie and Balinsky-Novikov algebras are described in depth.
Introduction
We consider a nite-dimensional non-associative and non-commutative algebra (A, +, •) of dimension N = dim A ∈ Z+ over an algebraically closed eld K of prime characteristic p > . The algebra A can be naturally extended to the n-dimensional torus and brane algebraÃ of smooth mappings u : T n → A or u : S n →
A of the n-dimensional torus T n or sphere S n , respectively, endowed with a suitably generalized natural convolution ·, · onÃ * ×Ã → K, whereÃ * is the adjoint space toÃ. The torus algebraÃ can be endowed with the simplest Lie structure Balinsky-Novikov algebras A, was given by A. Balinsky and S. Novikov in [6] and later by I. Gelfand and I. Dorfman in [9] for the one-dimensional case, when the operators D [2] , where the importance of the classical right Leibniz algebras was mentioned. The structure of the two-dimensional Hamiltonian operators and the corresponding nite-dimensional non-associative and non-commutative algebras A in the case of the Lie structures
are now under investigation. Similarly, one can construct generalized quadratic Lie-Poisson structures, generated by nitedimensional non-associative and non-commutative algebras A, whose description [5] leads to important applications in the theory of completely integrable Hamiltonian systems on functional manifolds.
In what follows, we present some examples of Lie and Balinsky-Novikov algebras A, naturally related to Hamiltonian operators via the construction of the canonical linear Lie-Poisson structure on the adjoint spacẽ A * .
Algebraic preliminaries
If (V , +, ) is an associative (or non-associative) algebra over arbitrary eld F, then a linear map
for any a, b ∈ V. Henceforth, id V : V a → a ∈ V is the identity endomorphism of V, Der V is the set of all derivations and End V is the set of all endomorphisms of V.
α-Lie algebras were introduced (as Hom-Lie algebras) in [10, De nition 14] (without the multiplicity) and in [20] (with the multiplicity) and were applied to characterize the structure of some deformations in Witt and Virasoro algebras. Here we call such algebras α-Lie. Every Lie algebra L is id L -Lie. An algebra (N, +, *) over a eld F with a bilinear product "*" is called α-Novikov if, for any x, y, z ∈ N, the following conditions hold:
α-Balinsky-Novikov algebras were introduced (as Hom-Balinsky-Novikov algebras) in [20] . Here we call such algebras α-Balinsky-Novikov algebras. Every Novikov algebra N is id N -Novikov. Balinsky-Novikov algebras were introduced in the studies of Hamiltonians operators and Poisson brackets of hydrodynamical type [6, 9, 17] . Recall that an algebra N with the id N -LSA identity is called an LSA. We study algebraic properties of Lie and Balinsky-Novikov algebras induced by endomorphism on ( nite-or in nite-dimensional) associative commutative algebra A (not necessary with identity). If ξ ∈ A and σ ∈ End A, then -A σ,ξ = (A, +, *), where
for any a, b ∈ A. In some cases A σ,ξ is a Balinsky-Novikov algebra (see Lemma Theorem 1 (and Proposition 10 for the case of an idempotent endomorphism) obtain for Lie, Leibniz, Zinbiel, Jordan, alternative, Novikov, Malcev and other non-associative algebras.
Some σ-Lie and σ-Balinsky-Novikov algebras can be induced by endomorphisms σ of an associative commutative algebras A.
Proposition 2. Let A be an associative commutative algebra, σ ∈ End A and ξ ∈ A. Then the following hold: ( ) A σ,L is a σ-Lie algebra if and only if xσ([y, z]σ) + yσ([z, x]σ) + zσ for any x, y, z ∈ A,([x, y]σ) = (1) ( ) A σ,ξ is a σ-Balinsky-Novikov algebra if and only if
( ξσ(z) + ξ z + σ (z))[A, A]σ = for any z ∈ A,(2)( ) A σ,
is a σ-Balinsky-Novikov algebra if and only if σ (
Lie algebras L admitting a nonsingular derivation d (i.e. d is injective as a map) have been studied by many authors. By the well-known Jacobson theorem [11] , every nite-dimensional Lie algebra L over a eld of characteristic with a nonsingular derivation d is nilpotent. However, in the case of prime characteristic there exists a non-nilpotent Lie algebra with a nonsingular derivation. A derivation δ ∈ Der V of an associative (or non-associative) algebra V is called periodic if δ n = id V for some positive integer n. Every periodic derivation is bijective (and consequently nonsingular). By [7, Proposition 2.11], any -step nilpotent Lie algebra of dimension ≤ admits a periodic derivation and, by [7, Proposition 2.7] , any nite-dimensional Lie algebra admitting a periodic derivation is at most -step nilpotent. An LSA (B, +, *) is called complete if the right multiplication operator rx : B b → b * x ∈ B is nilpotent for all x ∈ B [19] . Recall that an LSA N is called right-nilpotent (respectively left-nilpotent) of length ≤ n, where n ≥ is a xed integer, if ra ra · · · ra n− (an) = (respectively, la la · · · la n− (an) = ) for all a , a , . . . , a n− , an ∈ N, where la : N x → a * x ∈ N is the left multiplication operator. If δ is a derivation of an associative commutative algebra A and
, is a Lie algebra (see e.g. [13, 16] and others),
, is a Novikov algebra (see e.g. [9, 18, 23] and others).
We obtain the following 
Algebras with an idempotent derivation and an idempotent endomorphism
Lemma 4. Let (V , +, ) be a non-associative (respectively associative) algebra over a eld, δ ∈ Der V and x, y ∈ V. If δ = δ, then the following hold:
Proof. ( ) We see that
and thus (δ(x) δ(y)) = .
for any a ∈ I δ and r ∈ V, we conclude that a r ∈ I δ (and by the same argument r a ∈ I δ ).
( ) Parts ( ) and ( ) imply that Im
for any x, t ∈ V, we obtain that (δ(x) t), (t δ(x)) ∈ Im δ and Im δ is a two-sided ideal of V.
Lemma 5. Let (V , +, ) be a non-associative (respectively associative) algebra. Then the identity map id V is a derivation of V if and only if V V = .
Proof. For any x, y ∈ V we have that Proof. Indeed, the rule δ :
determines a derivation δ of V and δ = δ . Proof. This is readily deduce by analogy with the proofs of Lemmas 4( ) and 7. 
Proof. Let a, b, c ∈ A. Then
and 
for any positive integers n, m, we deduce that the Lie algebra F[X] σ,L is nonnilpotent (if char F ≠ ) and is abelian (if char F = ).

Lemma 14. If (A, +, ·) is an associative commutative algebra and σ ∈ End A, then ( ) A σ,ξ is an LSA if and only if
((σ − σ )(c) + ξσ(c) − σ(ξ )σ(c)) · [A, A]σ = for any c ∈ A,(4)
( ) if A σ,ξ is an LSA, then it is Balinsky-Novikov, ( ) A σ, is a Balinsky-Novikov algebra if and only if
Proof. Let a, b, c ∈ A.
( ) We compute that
and
This implies that L = R if and only if Eq. ( ) is true.
( ) holds by virtue of the part ( ).
Remark 15. If A is an associative commutative domain (i.e. an algebra without zero divisors) and ≠ σ ∈ End A, then [A, A]σ = if and only if σ = . Indeed, if a, c ∈ A, then acσ(a) = aσ(a)σ(c), which implies that aσ(a)(c − σ(c)) = .
Since σ ≠ , we deduce that there exists an element a ∈ A such that aσ(a) ≠ . Consequently, c = σ(c) and thus σ = . Proof. Assume that [u, v] σ ≠ for some u, v ∈ U and I = u,v∈U A [u, v] 
( ) if I is a σ-ideal of A, then it is an ideal of the Lie algebra A σ,L , ( ) if A contains identity , I is an ideal of A σ,L and σ( ) = , then σ(I) ⊆ I, ( ) Ker σ is a σ-ideal of an associative algebra A, ( ) if σ = ± , then Ker σ = (i.e. σ is injective), ( ) if A σ, is a Balinsky-Novikov algebra and I is a σ-ideal of A, then it is an ideal of
Since σ = σ and char F ≠ , we obtain
This means that U contains a nonzero ideal I of A.
Example 19. Let C be the complex numbers and σ : 
Proof of Proposition 2. ( ) Since
we deduce that A + B + C = if and only if Eq. ( ) follows. ( ) We compute that Example 21. Let F = { , , α, α } be a nite eld, where α = α + (and then α = ), and σ : 
δ-associated Lie, Balinsky-Novikov and Jordan algebras
If A is an associative algebra such that A = , then the identity map id A is a bijective derivation of A. Proof. Proof. The desired result follows immediately from the above discussion. Proof. Assume that a, b, c ∈ A.
by Lemma 26, we conclude that the Jordan algebra A δ,J is -step nilpotent.
A for any a, b ∈ A or equivalently δ(ξ )ab = . Moreover, la la la la = and ra ra ra ra = for any elements a , a , a , a ∈ A. 
